The magnetization of body-centered cubic Fe at low temperatures is investigated with the steepestentropy-ascent quantum thermodynamics (SEAQT) framework using a pseudo-eigenstructure constructed from coupled harmonic oscillators. The unique kinetic path of atomistic spin relaxation is determined from an equation of motion that causes the system to follow a kinetic path of steepest entropy ascent. The calculated equilibrium magnetization at different temperatures and external magnetic fields is reliably predicted for T < 500 K. The time-dependent evolution of magnetization arising from different initial states and interactions with a reservoir is also predicted. In addition, fundamental non-equilibrium intensive properties (temperature and magnetic field strength) are defined using the concept of hypo-equilibrium states, and the use of the intensive properties is demonstrated.
I. INTRODUCTION
The dynamic time-evolution of magnetization in ferromagnetic materials undergoing changes in temperature and an external magnetic field plays a role in a variety of applications such as spintronics 1, 2 . Since magnetic relaxations occur on a short time scale, the experimental study of the dynamic magnetic behavior is difficult and theoretical approaches can be helpful.
The atomistic spin relaxation process has been actively investigated using spin dynamics simulations [3] [4] [5] . These simulations use the Langevin equation of motion to describe state evolution toward stable equilibrium. The Langevin equation of motion is derived by introducing stochastic fluctuations and dissipation terms in the equation of motion for spins (or magnetic moments) through a treatment similar to mean-field theory [6] [7] [8] [9] wherein an effective magnetic field is assumed to act on each spin. Spin dynamics simulations have been extended to spin-lattice dynamics 10 and spin-lattice-electron dynamics simulations 11 by taking into account coupled spin, atomic, and electronic degrees of freedom. To facilitate an understanding of the coupled effects in the relaxation process, Ma et al. defined a closed-form expression for the non-equilibrium temperature of a spin system by solving the Langevin equations of motion at equilibrium with the fluctuation-dissipation theorem 12 .
Although the calculated equilibrium magnetizations of body-centered cubic (bcc) iron using spin dynamics simulations are in good agreement with experiments at high temperatures (around the Curie temperature, T c ), the magnetization predictions at low temperatures deviate from experimental data 4, 9 because of the meanfield treatment of spin interactions. Furthermore, even though the non-equilibrium temperature defined by Ma et al. provides an estimate of the temperature of a spin system, it is not a fundamental property defined as, for example, the temperature at equilibrium in terms of a canonical distribution.
Recently, the steepest-entropy-ascent quantum thermodynamics (SEAQT) framework has been applied to the relaxation processes of various physical phenomena such as chemical reactions 13, 14 , the heat and mass diffusion of indistinguishable particles 15, 16 , the thermal expansion of silver 17 , and phase decompositions in alloy systems 18, 19 . The SEAQT model is based upon a firstprinciples, non-equilibrium thermodynamic-ensemble approach that unifies quantum mechanics and thermodynamics into a single self-consistent framework [20] [21] [22] [23] [24] . The most distinctive characteristics of the SEAQT framework are that entropy is viewed as a measure of energy load sharing among available energy eigenlevels and that relaxation processes are determined by a unique master equation called the SEAQT equation of motion. The definition of entropy allows entropy to be defined for any state (including non-equilibrium states) in systems ranging in spatial scale from the microscopic to the macroscopic level. The SEAQT equation of motion drives a relaxing system in the direction of steepest entropy ascent. The model does not make a local/near equilibrium assumption, and it is applicable at all temporal and spatial scales and for states far-from-equilibrium 25 .
Within the SEAQT theoretical framework, Li and von Spakovsky have developed the concept of hypoequilibrium states 13, 15 (i.e., a non-equilibrium relaxation pattern) and used the concept to define "fundamental" non-equilibrium intensive properties such as temperature, chemical potential, and pressure. Using these nonequilibrium intensive properties, Li, von Spakovsky, and Hin have applied the SEAQT framework to the coupled transport of phonons and electrons clearly distinguishing the non-equilibrium temperatures of phonons and electrons and showed that the SEAQT equation of motion recovers the two-temperature model of electron-phonon coupling when a constant relaxation time for phonons and electrons is assumed 26 . They also have proven that the SEAQT formulation reduces to the Boltzmann transport equations in the near-equilibrium limit 26 .
To apply the SEAQT framework to any relaxation process, one must first build an energy eigenstructurea set of energy eigenlevels -for the system in question. The eigenstructure is constructed from appropriate quantum models and degrees of freedom for the relevant particles or molecules. However, complex many-body interactions between particles in a solid phase makes the use of simple quantum mechanical models difficult. In addition, the number of energy levels in the eigenstructure of solids becomes effectively infinite as the number of particles in a system approaches those of the bulk material. To avoid these difficulties, a somewhat simplified eigenstructure (a so-called "pseudo-eigenstructure") 17 is constructed here with the use of reduced-order models 27 and a density of states method 13 . The former replaces a quantum model with a simple solid-state model and the latter converts the infinite energy eigenlevel structure to a finite-level one. The approach used in the thermal expansion application 17 , in which atoms are treated as coupled oscillators, provides an analogous strategy for constructing a pseudo-eigenstructure of a spin system by viewing spins as coupled oscillators.
In the present contribution, relaxation processes of magnetization in bcc-iron with and without an external magnetic field are investigated using the SEAQT framework with a pseudo-eigenstructure constructed from the coupled spin oscillators. Fundamental definitions of nonequilibrium intensive properties (i.e., temperature and magnetic field strength) in spin systems are also proposed using the concept of hypoequilibrium states 13 . For simplicity, harmonic oscillators are used for the reducedorder model and the focus is on magnetization in the low-temperature region (T < T c /2) where spin dynamics simulations have not succeeded in accurately predicting the magnetization. This paper is organized as follows. The SEAQT equation of motion in an external magnetic field and non-equilibrium intensive properties are described in Sec. II A, and the pseudo-eigenstructure is constructed assuming coupled harmonic oscillators in Sec. II B. In Section III, the calculated equilibrium magnetizations for various external magnetic field strengths and temperatures are shown and compared with experimental data (Sec. III A). Then, some calculated relaxation processes of magnetizations are shown in Secs. III B and III C focusing on relaxations in the far-from-equilibrium region and the use of non-equilibrium intensive properties, respectively. At the end, results of the magnetization calculations using the SEAQT model are summarized in Sec. IV.
II. THEORY

A. SEAQT equation of motion
An isolated system
Relaxation under the SEAQT framework arises from a fundamental equation of motion, which uses the maximum rate of entropy production principle. The SEAQT equation of motion is given as [28] [29] [30] 
whereρ is the density operator, t the time, the modified Planck constant,Ĥ the Hamiltonian operator, τ the relaxation time (which represents the rate at which the system moves along the unique thermodynamic path 
where
The p j are the diagonal terms ofρ, each of which represents the occupation probability in the j th energy level, j , and the g j are the degeneracies of the energy eigenlevel. Note that the von Neumann expression for entropy is used here. Provided the density operator is based on a homogeneous ensemble, this expression satisfies all the characteristics of the entropy required by thermodynamics without making entropy a statistical property of the ensemble 31, 32 . It is assumed thatρ is diagonal in the eigenvector basis throughout all of the calculations. This is the case when there are no quantum correlations between particles (or spins) and for many classical systems 15, 16, 33 .
The SEAQT equation of motion, Eq. (2), is derived via a constrained gradient in Hilbert space that causes the system to follow the direction of steepest entropy ascent when energy and occupation probabilities are conserved (i.e., an isolated sysetm). When another conservation constraint or generator of the motion is imposed, in this case that for the magnetization, the equation of motion becomes 27
and m j is the magnetization in the j th energy eigenlevel. Equation (3) is the generalized equation of motion of Eq. (2) for magnetic materials in an isolated system and has a form similar to one derived for the conservation of the number of particles given in reference 34 .
A composite system (two interacting systems)
The SEAQT equations of motion, Eqs. (2) and (3), are valid for an isolated system. The equation of motion for interacting systems (non-isolated) can be derived by treating interacting systems as an isolated composite system made up of interacting subsystems. In addition, a SEAQT equation of motion for a system interacting with a reservoir can be derived by taking one of the subsystems in the composite system as a reservoir. This strategy has been developed by Li and von Spakovsky for heat and mass interactions 13, 15, 34 ; the methodology is applied here to formulate an equation of motion for subsystems undergoing heat and magnetic field interactions.
The SEAQT equation of motion for a composite isolated system of two interacting subsystems (subsystems A and B) with the conservation of energy and magnetization in the composite system is given for subsystem A by
where · A(B) is the expectation value of a property in subsystem A (or B), and · = · A + · B corresponds to the property of the composite system. An expression similar to Eq. (4) can be written for subsystem B. Whereas energy and magnetizaiton are conserved within the composite system, the occupation probabilities are conserved within each subsystem. Using the cofactors C 1 , C A 2 , C 3 , and C 4 of the first line of the determinant in the numerator, Eq. (4) can be expressed as
where β and γ are defined as β ≡ C 3 /C 1 and γ ≡ −C 4 /C 1 . The β and γ quantities are intensive properties related to the temperature, T , and the magnetic field strength,
The intensive properties, β and γ, depend on the mole fractions of each subsystem 15 . When subsystem B is much larger than subsystem A (i.e., when subsystem B is taken to be a large reservoir, R), these intensive properties can be denoted by β R and γ R , and Eq. (5) is transformed into
and T R and H R are, respectively, the temperature of the reservoir and the external magnetic field strength. In this context, the superscripts A have been dropped in Eq. (6).
Non-equilibrium intensive properties
The concept of hypoequilibrium states developed by Li and von Spakovsky 13, 15 in the SEAQT framework permits one to define intensive properties (e.g., temperature, pressure, and chemical potential) in the non-equilibrium realm. Here, the concept is briefly described and nonequilibrium temperature and magnetic field strength are defined (details are found in references 13, 15, 34 ).
The concept of hypoequilibrium states is based on the idea that any non-equilibrium state of a system can be described by an M th -order hypoequilibrium state by dividing the system's state space into M subspaces, each of which is described by a canonical distribution. Note that in some cases such as the one presented here, the subspaces coincide with a physical division of the system into subsystems. Furthermore, as proven in references 13, 34 , once in a M th -order hypoequilibrium state, the system remains in such a state throughout the entire kinetic evolution process predicted by the SEAQT equation of motion, and the relaxation paths can be simply described by the time dependence of the intensive properties in each subspace. This means that the time evolution of the probability distribution in subspace (or subsystem) M can be described by
are, respectively, the energy eigenlevel, energy degeneracy, and magnetization in subsystem M , p (M ) is the total occupation probability in the subsystem, and Z (M ) (t) is the partition function defined as
In Eq. (7), the eigenstructure of each subsystem is invariant with time, but the intensive properties, β (M ) and γ (M ) , are time-dependent. During the evolution process, the probability distribution in each subsystem evolves together with those of the other subsystems until they reach a mutual equilibrium state with each other, and the system ends up in a stable equilibrium state (which corresponds to M = 1). The concept of hypoequilibrium states is applied to the composite system considered here. Thus, the timeevolution of the probability distributions in the two interacting subsystems, A and B, take the following form:
(9) The time evolution of the intensive properties are determined from the equation of motion for the intensive properties 34 given by
where β(t) = C 3 (t)/C 1 (t) and γ(t) = −C 4 (t)/C 1 (t) (as defined in Eq. (5)). Therefore, using Eq. (10) with Eq. (9), kinetic trajectories of the relaxation process in each subsystem can be described with non-equilibrium intensive properties (i.e., the temperature and the magnetic field strength). Finally, it should be noted that the hypoequilibrium concept is well-defined for any state even one far from equilibrium since the order of M can be as high as needed to adequately describe the state. Furthermore, this concept unlike the local-equilibrium assumption of continuum mechanics is fundamental and does not rely on the assumption that the total system must be subdivided into a set of infinitesimally small local systems each of which is assumed phenomenologically to be in stable equilibrium due to the smallness of the gradients across it. In fact, neither size nor gradients nor for that matter a physical division of the system are necessary requirements for the hypoequilibrium description.
B. Pseudo-eigenstructure
From the Heisenberg Hamiltonian, the total energy of spin systems is given by [35] [36] [37] [38] 
where the J ij represent exchange interaction energies, and e i and e j are the unit vectors in the direction of the local magnetic moment at lattice sites i and j. The magnon dispersion relation, which is directly related to the energy eigenlevels of spin waves (magnons), has been calculated from Eq. (11) using spin-density-functionaltheory [36] [37] [38] , and the result calculated by Padja et al. 37 is used here by fitting to a function 39 :
where ω is the magnon frequency, k is the wave vector, k x , k y , and k z are the components of k, and D, E , and E are fitting parameters (shown in Table I ). The spin waves have different degeneracies depending upon the frequency, ω. The degeneracy (or the density of states) is given by 35
where (dω/dk) −1 is calculated from Eq. (12) . The eigenenergy of each magnon, n , is 35
where n is the quantum number (n = 0, 1, 2, ...). Incorporation of the magnon frequency, Eq. (12), into Eq. (14) cannot be done in a straightforward manner because the density of states, Eq. (13), is not discrete. To circumvent this difficulty, the density of states method developed by Li and von Spakovsky 13 within the SEAQT framework is applied (see also reference 17 for a similar application of the method). Using this approach, the magnon frequency and degeneracy in the system become
and
The quantity,ω j , is the j th frequency interval in the original infinite energy-eigenlevel system determined bȳ
where R is the number of intervals, j is an integer (j = 0, 1, 2, ...R), andω cut is the cutoff frequency estimated by using |k| = 2π/a (where a is the lattice constant) in Eq. (12) . Using Eqs. (14) and (15), the energy eigenlevels become
Furthermore, the magnetization (change) of the energy eigenlevel is given as
where µ is the magnetic moment of iron (µ = 2.22µ B where µ B is the Bohr magneton 35 ) and the magnetization at the ground state (n = 0) is taken as "zero". From here on, the occupation probability, energy eigenlevel, energy degeneracy, and magnetization are written, respectively, as P j,n , E j,n , G j,n , and M j,n (instead of as p j,n , j,n , g j,n , and m j,n ) in order to emphasis that these quantities apply to the finite energy-eigenlevel system. Note that each frequency interval, ω j , has the same energy degeneracy; that is, G j,n = G j . The decrease in magnetization caused by non-aligned spins is given by a weighted average of the expected magnetizations in each frequency 35 . Therefore, the magnetization, M , in a system is
where the expectation magnetization of each magnon frequency, M i , is
where P i,n is the normalized occupation probability at each magnon frequency.
Note that longitudinal degrees of freedom of atomic magnetic moments (or the magnitude of spins) and anharmonic effects (or magnon-magnon interactions) are ignored here for the sake of simplicity. While the former is not sensitive to temperatures for bcc-iron below the Curie temperature T c , 9 the latter effect is above about half the Curie temperature. The anharmonic effects could be included using anharmonic oscillators as was done for analogous thermal expansion calculations in reference 17 . However, that added complexity is beyond the scope of this paper, and the validity of the present approach is limited to low temperatures, T < T c /2, where anharmonic effects can be neglected.
III. RESULTS AND DISCUSSION
A. Equilibrium magnetization
The equilibrium magnetization at different temperatures and external magnetic fields is determined from the following canonical distribution:
where Z se is the partition function already defined in Eq. (8), "se" denotes stable equilibrium, and the subscripts corresponding to each energy eigenlevel are simply designated by a k (e.g., E j,n → E k ). The calculated equilibrium magnetization, M , using Eqs. (20) and (22) is shown in Fig. 1 where the magnetization is expressed as a fraction of the magnetic moment of iron, µ. It can be seen that the calculated results are close to the experimental data at low temperatures (T < 500 K) and reproduce the dependence on external magnetic fields. However, the calculated magnetization deviates from the experiments at high temperatures.
As noted above, this is a consequence of anharmonic effects (magnon-magnon interactions) that are not taken into account in the model used here, i.e., coupled harmonic oscillators. If anharmonic oscillators were used, it is expected that the energy eigenlevels with large magnon quantum numbers would be lowered (see Eq. (14) or (18)) and the equilibrium magnetizations at high temperatures would be more accurate.
B. Relaxation far from equilibrium
One of the advantages of the SEAQT model is that a relaxation process to stable equilibrium from any initial non-equilibrium state (not only near equilibrium but also far from equilibrium) can be calculated without any unphysical assumptions. Relaxation processes from states in the far-from-equilibrium realm are explored in this section with/without external magnetic fields. There are an infinite number of non-equilibrium states and a variety of is an enlarged portion of (a) below room temperature. The experimental data are shown as solid circles 40 and squares 41 . The magnetization is plotted as a fraction of the magnetic moment of iron, µ.
ways to generate an initial non-equilibrium state. Following reference 17 , two different approaches are considered: one using a partially canonical distribution and a second based on the gamma function distribution. While the relaxation process using the former is for an isolated system, that using the latter is for a system, which interacts with a reservoir (see Fig. 2 ). For the isolated system case, the initial probability distribution, P 0 k , is generated in terms of a linear perturbation function 29 :
where P pe/se k are the partially canonical/stable equilibrium probability distributions (P se k is shown in Eq. (22)) and λ const is the perturbation constant that describes the
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The system descriptions considered in Sec. III B. (a) is a depiction of the isolated system associated with the relaxation process whose initial state is based on the perturbation of a partially canonical equilibrium (P.E.) state, while (b) is a depiction of the system interacting with a reservoir associated with the relaxation process whose initial state is generated from a gamma function distribution.
initial departure from the partially canonical state. The partially canonical distribution when there is no external magnetic field is given by
where δ k takes one or zero depending upon whether the states are occupied or unoccupied, and T pe is determined via the relation, k P pe k E k = k P se k E k , which ensures a relaxation of the isolated system to a final equilibrium state with the temperature T se . Another way to prepare a partially canonical distribution that uses different T pe for each magnon frequency ω j , i.e., T pe j , is to use the relation, n P pe j,n E j,n = n P se j,n E j,n . Here both the partially canonical and canonical distributions are employed assuming that the lowest three quantum levels (i.e., n =0, 1, and 2) are not occupied.
The calculated spin relaxation processes from two different initial states (i.e., one based on T pe and the other on T pe j ) generated using Eq. (23) with λ = 0.1 are shown in Fig. 3. Equation (3) is used for the relaxation processes of the isolated system of Fig. 2 (a) with T se set to 300 K. It can be seen that both magnetizations relax to the equilibrium value at 300 K with a zero external magnetic field (see Fig. 1 ), which is independently calculated from the canonical distribution, Eq. (22) . Relaxation from an initial state prepared with T pe j is particularly interesting in that the magnetization evolves nonmonatonically with time.
In the second approach, the initial states are generated with a gamma function distribution of the form 13, 15 where T 0 and H 0 are the initial temperature and magnetic field and θ represents an adjustable parameter that can be positive or negative and shifts the initial state away from the canonical distribution. Figure 4 shows the time evolutions of the magnetization for the system of Fig. 2 (b) relaxing to four different stable equilibrium states (i.e., those corresponding to four sets of reservoir temperatures, T R 's, and external magnetic field strengths, H R 's) beginning from two different initial states generated using Eq. (25) with θ = ±2.0, T 0 = 300 K, and H 0 = 0.0 Oe. The relaxations are calculated using Eq. (6), where the system interacts with a reservoir (see Fig. 2 (b) ). It can be observed that although the magnetizations of the two initial states prepared using θ = ±2.0 are different, the final equilibrium states are same (for a given set of T R and H R ). The final equilibrium states correspond with the results shown in Fig. 1 .
One might view the approach using a partially canonical distribution as a description of spin-pumping in which applied microwave energy excites spins from low energy levels, but there is no obvious physical meaning to the initial states prepared using the gamma function distributions. They are employed here as an arbitrary means of displacing the initial non-equilibrium state far from equilibrium.
Note that the time scale in Figs. 3 and 4 and the remaining figures below is normalized by the relaxation time, τ . This time can be correlated with the real time, t, via comparisons to experimental data 14, 25, 42 or from ab initio calculations 17, 26, 43 . Real-time scaling for magnetic relaxation processes has been done in spin dynamics sim- The calculated relaxation processes of magnetization from two different initial states prepared using the gamma function, Eq. (25), with T0 = 300 K, H0 = 0.0 Oe, and θ = +2 or -2 (each of which corresponds to M * ≈ 0.91 or 1 at t * = 0; evolutions are shown in solid or broken lines, respectively). Four different combinations of reservoir temperature, TR (K), and external magnetic field strength, HR (×10 5 Oe), are used here as indicated in the inset box. The colors represent different combinations of TR and HR. The spin relaxation processes are calculated using the SEAQT equation of motion for a system interacting with a reservoir, Eq. (6) . The magnetization is plotted as a fraction of the magnetic moment of iron, µ, and the time is normalized by the relaxation time, τ . ulations using experimental data of the demagnetization on iron thin films induced by a laser pulse 9, 11 . Although it was not attempted here, the same strategy could be taken.
C. Relaxation and non-equilibrium intensive properties
The non-equilibrium temperature and magnetic field strength defined in Sec. II A 3 are fundamental nonequilibrium intensive properties of spin systems that are convenient for analyzing relaxation processes involving not only spin degrees of freedom but lattice and electronic degrees of freedom in a simple way. The use of these nonequilibrium intensive properties is demonstrated in this section by considering heat and magnetic interactions between identical (sub)systems A and B (see Fig. 5 ).
In order to use the concept of hypoequilibrium states (or non-equilibrium intensive properties), the initial state for the each subsystem is described by a canonical distribution (see Sec. II A 3) such that
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FIG. 5. The two interacting systems considered in Sec. III C. Heat and magnetic interactions between two identical (sub)systems A and B are depicted here. Note that the composite system is isolated so that there are no interactions with other systems such as a reservoir. where Z 0 is the partition function and the superscripts A or B are omitted. Three different relaxation processes are investigated with the initial temperatures and magnetic field strengths of subsystems A and B: the temperatures and field strengths of each process are enumerated in Table II. The calculated time dependences of intensive properties (temperature and magnetic field strength) and magnetizations of subsystems A and B using Eqs. (9) and (10) are shown, respectively, in Figs. 6 and 7. In all of the processes, the final temperatures and magnetic field strengths of subsystems A and B converge to the same value (i.e., T A = T B and H A = H B ) indicating the subsystems reach mutual equilibrium. In process 1, the exchange of energy in a heat interaction between the two subsystems produces concomitant changes in the magnetic field strengths as the composite system (A + B) evolves to equilibrium. The converse occurs in process 2: the difference in magnetic field strengths between the two subsystems drives the subsystems to a slightly different temperature. In process 3, differences in both the magnetic field strengths and temperatures of the subsystems produce a subtle interplay between the properties as the composite system relaxes in time. The relaxation behavior of all three processes reflects the magneto-caloric effect in that changes in magnetic interactions between subsystems affect the subsystem temperatures and viceversa. The calculated time dependence of the intensive properties, temperature and magnetic field strength, of subsystems A and B in (a) process 1, (b) process 2, and (c) process 3 (see Table II ). The trajectories of temperatures T A and T B in process 2 overlap. The time is normalized by the relaxation time, τ . 
IV. CONCLUSIONS
The SEAQT framework is used to explore the magnetization of bcc-iron at equilibrium and as it relaxes from non-equilibrium states. The SEAQT model is applied using a pseudo-eigenstructure based on coupled harmonic oscillators. The results presented confirm that the equilibrium magnetization at low temperatures (T < 500 K) with either zero or non-zero external magnetic fields can be reliably estimated with the SEAQT model. They also confirm that based on the principle of steepest entropy ascent, the model predicts the unique thermodynamic path which the system takes in relaxing from some initial non-equilibrium state (even one far from equilibrium) to stable equilibrium. Furthermore, fundamental nonequilibrium intensive properties (temperature and magnetic field strength) can be defined using the concept of hypoequilibrium states. Relaxation processes in terms of these intensive properties are used to demonstrate the magneto-caloric effect.
It is expected that the model developed here can be combined with the analogous approach used to model thermal expansion 17 by following the approach employed to model the electron-phonon coupling at a material interface presented in reference 26 . The combined SEAQT theoretical framework could potentially facilitate the description of coupling effects between spin and lattice degrees of freedom.
